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In this paper, we study the ﬁne Selmer group of p-adic Galois
representations and their deformations. We show that for an
inﬁnite family of elliptic cuspforms, if the μ-invariant of the dual
ﬁne Selmer group is zero for one member of the family, then the
same holds for all the other members. Further the λ-invariants are
equal for all but ﬁnitely many members in the family.
© 2011 Elsevier Inc. All rights reserved.
The ﬁne Selmer group for elliptic curves has been studied for many years by various authors. In
recent times, there has been a renewed interest with several conjectures being proposed (see [C-S,
Wu,Ha]). In this article, we study the ﬁne Selmer group for ordinary Hida deformations and extend
results of [C-S] in this context. In particular, we formulate an analogue of Conjecture A of [C-S] for
the ﬁne Selmer group in this setting. We then study its relation to the corresponding conjecture for
the ordinary representations associated to modular forms that arise from specializations. We prove
the equivalence of these conjectures and investigate its invariance in a Hida family.
Throughout the article, p will denote an odd prime integer and N a natural number prime to p.
We will ﬁx an embedding of an algebraic closure Q¯ of the ﬁeld Q of rational numbers, into C and
also an embedding of Q¯ into a ﬁxed algebraic closure Q¯p of the ﬁeld Qp of the p-adic numbers. Let
Σ be a ﬁnite set consisting of primes of Q dividing Np and denote by QΣ the maximal algebraic
extension of Q unramiﬁed outside Σ . The cyclotomic Zp-extension of Q is denoted by Q∞ , and Γ
is the Galois group Gal(Q∞/Q). For any Galois extension of ﬁelds L/F and a discrete module M over
the Galois group Gal(L/F ), the Galois cohomology groups are denoted by Hi(L/F ,M).
The article consists of ﬁve sections. Section 1 is preliminary in nature and we deﬁne the ﬁne
Selmer group for p-adic Galois representations and Hida deformations in Section 2, where we also
formulate conjectures on its structure as an Iwasawa module. In Section 3, we prove a control the-
orem and apply it in Section 4 to specializations in order to study the relationship between these
conjectures. Finally, in Section 5, we illustrate our results through concrete numerical examples. We
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1. Preliminaries
We begin by recalling various preliminary results needed in the later sections. The group Γ ′
denotes the group of diamond operators for the tower of modular curves {Y1(pt)}t1. There are
canonical isomorphisms χ : Γ ∼= 1 + pZp ⊂ Z∗p with χ the p-adic cyclotomic character, (resp.
κ : Γ ′ ∼= 1 + pZp ⊂ Z∗p) and we also ﬁx a topological generator of γ (resp. γ ′) of Γ (resp. Γ ′), such
that χ(γ ) = κ(γ ′). The corresponding Iwasawa algebras are denoted by ZpΓ  (resp. ZpΓ ′) and
we recall that these Iwasawa algebras are isomorphic to ZpT , although the isomorphism depends
on the choice of a topological generator of Γ (resp. Γ ′). The natural homomorphism
χ˜ : GQ Γ ↪→ ZpΓ ∗ (1)
is the “universal cyclotomic character”.
Let HordF be the quotient of the universal ordinary Hecke algebra H
ord
Np∞ , that corresponds to an
ordinary Λ-adic eigenform F (see [Hi1]). The algebra HordF is a Zp-algebra which is a local domain
and is ﬁnite ﬂat over ZpΓ ′. The formal completed tensor product
HordF ⊗ˆZp ZpΓ ∼= HordF Γ  (2)
is denoted by HnordF (‘nord’ stands for nearly ordinary) and is the F -component of Hida’s nearly
ordinary Hecke algebra. This is again a local domain, ﬁnite ﬂat over ZpΓ × Γ ′. Let
F =
∑
n0
An(F)qn (3)
denote the formal q-adic expansion of F with An(F) ∈ HordF . By a celebrated result of Hida
(cf. [Hi1,Wi]) there exists a large continuous representation
ρ : GQ −→ AutHnordF (TF ) (4)
where TF is a ﬁnitely generated, torsion-free module of generic rank 2 over HnordF with the following
properties:
(1) TF is isomorphic to T ordF ⊗ ZpΓ (χ˜ ), where T ordF is a ﬁnitely generated torsion free module of
generic rank 2 over HordF , with continuous GQ action.
(2) ρ is unramiﬁed at all the primes l not in Σ .
(3) The trace of the (geometric) Frobenius Frl ∈ GQ acting on T ordF is equal to the Fourier coeﬃcient
Al(F) of F for every prime ideal l not in Σ .
Let m be the maximal ideal of HnordF and let F denote the ﬁnite residue ﬁeld H
nord
F /m. Then we obtain
the residual representation
ρ¯ : GQ −→ AutHnordF (TF /m). (5)
The representation space of ρ¯ is an F-vector space of dimension two with semi-simple GQ-action,
along with the additional property that the trace of Frl is congruent to Al(F) modulo m, for every
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conditions hold, unless otherwise stated:
(Nor): The ring HordF (and hence H
nord
F ) is integrally closed.
(Irr): The residual representation ρ¯ of TF in (5) is an absolutely irreducible GQ-module.
For an integer w , recall that an element ξ ∈ HomZp (HordF , Q¯p) is called an arithmetic point of weight w
if there exists an open subgroup U of Γ ′ such that the restriction
ξ|U : U ↪→ Zp

Γ ′
∗
↪→ (HordF )∗ ξ−→ Q¯∗p (6)
sends u to κw(u), for any u ∈ U . The set of arithmetic points is denoted by Xarith(HordF ), and for
an arithmetic point ξ , the weight of ξ will be denoted by w(ξ). Deﬁne the subset Xarith(HordF )0 of
Xarith(H
ord
F ) by
Xarith
(
HordF
)
0 =
{
ξ ∈ Xarith
(
HordF
) ∣∣ w(ξ) 0}.
Under the assumption (Irr) above, we have the following basic properties (see [Oc, Section 2]):
(i) The module T ordF (resp. TF ) is a free HordF (resp. HnordF -module) of rank 2.
(ii) For each ξ ∈ Xarith(HordF )0, there exists a normalized cuspidal eigenform fξ of weight w(ξ) + 2,
such that the quotient T ordF /Ker(ξ) is isomorphic to T fξ , where T fξ is the unique lattice of
Deligne’s Galois representation associated to the modular form fξ . We have T fξ ∼= O⊕2ξ , where
O ξ := HordF /Ker(ξ).
(iii) As a representation of the decomposition group GQp ⊂ GQ at p, TF has a ﬁltration
0−→ F+TF −→ TF −→ F−TF −→ 0
such that the graded pieces F+TF and F−TF are free of rank 1 over HnordF .
(iv) Further, F+TF is isomorphic to HordF (α˜)⊗ˆZpZpΓ (χ˜ ) as a GQp -module, where
α˜ : GQp −→
(
HordF
)∗
is an unramiﬁed character, such that Ap(F) = α˜(Frp) ∈ HordF satisﬁes an interpolation property
ξ
(
Ap(F)
)= ap( fξ ),
the pth Fourier coeﬃcient of fξ , for each ξ ∈ Xarith(HordF )0, and HordF (α˜) is a rank 1 free HordF -
module on which GQp acts via the character α˜.
Let ω be the Teichmüller character. For a ﬁxed integer i, where 0  i  p − 2, T (i)F denotes the
twist T (i)F = TF ⊗ ω(i) . From now on we will denote T (0)F by T . Another key property that we shall
need pertains to specializations of T . Let ξ ∈ Xarith(HordF )0 and Pξ be the height 1 prime ideal
Pξ := Ker(ξ)HnordF (7)
of HnordF . Abusing notation, we shall also denote by Pξ the prime ideal ker ξ in HordF , and it will
be clear from the context whether the prime ideal is being considered in HordF or H
nord
F . Note
Tξ := T /(Pξ )T is isomorphic to T fξ ⊗O ξ O ξΓ (χ˜ ), where fξ is the cuspidal eigenform of weight
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cisely, ZpΓ (χ˜ ) is isomorphic to the free ZpΓ -module of rank 1 on which Γ ∼= Gal(Q∞/Q) acts
via the universal cyclotomic character χ˜ (see (1)). On the ZpΓ -module
Tξ = T fξ ⊗Zp ZpΓ (χ˜ ), (8)
the action of GQ is the standard diagonal action. Similarly for T (i)F we get
T (i)F /(Pξ )T (i)F ∼= T fξ⊗ωi ⊗Zp ZpΓ (χ˜ ),
which is the cyclotomic deformation associated to the cuspform fξ ⊗ ωi of weight w(ξ) + 2. Using
results of Greenberg [Gr3], as shown in Section 3, one can relate the ﬁne Selmer group of Tξ to the
ﬁne Selmer group associated to the modular form fξ .
We recall the notion of p-stabilized newforms (see [Hi4, Lemma 3.3]). Let f = ∑an( f )qn ∈
Sk(Γ0(N),ψ) be a p-ordinary newform (i.e. ap( f ) is a p-adic unit) of weight k  2. Then, there
exist a unique p-ordinary form f ∗ of level N0, weight k and character ψ such that an( f ) = an( f ∗) for
all n not divisible by p. Actually, f ∗ can be obtained as
f ∗(z) =
{
f (z) if p|N,
f (z) − β f (pz) otherwise,
where β is the unique non-p-adic unit root of X2 − ap( f )X + ψ(p)pk−1 = 0. Moreover when
(p,N) = 1, we get N0 = Np and that ap( f ∗) = α, the other root of the above equation. We deﬁne
f ∗ to be the p-stabilized newform corresponding to f .
Next we recall the deﬁnition of the minimal Hida family or simply the Hida family (cf. [Hi2], [E-P-W,
Deﬁnition 2.4.3]) associated to ρ¯ . Let
ρ¯ : GQ −→ GL2(F)
be an absolutely irreducible representation into a ﬁnite ﬁeld F, which is the residual representation
associated to the Galois representation of a p-ordinary, p-stabilized newform f of weight k, level Npr
and character ψ . By a deep theorem of Wiles, the primitive local ring, say p f , to which f belongs
may be viewed as the universal deformation ring parametrizing lifts of ρ¯ which are p-ordinary, p-
stabilized and of tame level N (see [Hi2]). We refer to the set of these modular forms as the Hida
family of ρ¯ and denote it by H(ρ¯). Hence all the residual representations of the modular forms in
H(ρ¯) are isomorphic to ρ¯ . The irreducible components of p f are called the branches of ρ¯ .
2. Fine Selmer group
In this section, we deﬁne the ﬁne Selmer group for p-adic Galois representations. Let V be a vector
space of dimension 2 over a ﬁnite extension K of Qp , and let
ρ : GQ → GL2(K )
be a continuous Galois representation associated to V . Fix a lattice T inside V which is invariant
under the action of the Galois group, and let A = V /T be the corresponding divisible module which
is discrete under the action of the Galois group. As before, Σ is a ﬁnite set of primes of Q containing
the archimedean primes, the prime p and the primes where ρ is ramiﬁed.
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deﬁned as
RΣ(A/L) = Ker
(
H1(QΣ/L, A) −→
⊕
v|Σ
H1(Lv , A)
)
,
where v varies over the primes of L that lie above the primes in Σ .
The ﬁne Selmer group over the cyclotomic Zp-extension Q∞ of Q, denoted RΣ(A/Q∞), is deﬁned
as
RΣ(A/Q∞) = lim−→
L
RΣ(A/L)
as L varies over the ﬁnite extensions of Q in Q∞. Clearly, RΣ(A/Q∞) is a discrete module over the
Iwasawa algebra ZpΓ . A simple application of Nakayama’s lemma immediately shows that it is
ﬁnitely generated as a ZpΓ -module whenever H0(Γ, A) is ﬁnitely generated as a Zp-module. It is
also plainly a submodule of the Selmer groups considered by Greenberg (see [Gr]).
Recall that the representation is ordinary if there exists a one-dimensional subspace F+V of V
which is stable under the decomposition group Gp at p, and such that the quotient F−V = V /F+V
is unramiﬁed at p. We denote the corresponding submodule of T (resp. A) by F+T (resp. F+A) and
the quotient module by F−T (resp. F−A). An important class of ordinary Galois representations are
those that arise from cuspidal eigenforms that are ordinary at p. Let f =∑anqn ∈ Sk(Γ0(Npr),ψ)
be a cuspidal eigenform of weight  2, tame level N and character ψ . We further assume that f is
ordinary at p, and that f is p-stabilized. Fix a prime v , lying over p of the number ﬁeld generated
by the Fourier coeﬃcients of f and the values of ψ . Let Kv denote the completion of this number
ﬁeld at the prime v , and let O v denote its ring of integers. By results of Deligne, Eichler, Shimura,
and Mazur–Wiles, Wiles (cf. [Wi]) there exists a Galois representation
ρ f : GQ −→ GL2(Kv) (9)
which is ordinary at p, and unramiﬁed at all primes l not dividing Np. Let V f denote the representa-
tion space of ρ f . Choose a lattice T f of V f which is invariant under ρ f , so that we get an action of
GQ on A f = V f /T f . Let
ρ¯ f : GQ −→ GL2(O v/π) (10)
be the residual representation of ρ , where π is a uniformizing parameter for Kv . If we further assume
that ρ¯ f is an absolutely irreducible representation of GQ , then by a result of Carayol [Ca], there exists
a unique (up to conjugation) Galois invariant lattice in V f . As before, let Σ be a ﬁnite set of primes
of Q∞ containing primes dividing Np and the inﬁnite prime. We now deﬁne the ﬁne Selmer group of
f over Q∞ for the lattice T f as
RΣ(A f /Q∞) = Ker
(
H1(QΣ/Q∞, A f ) −→
⊕
v|Σ
H1(Q∞,v , A f )
)
,
where Q∞,v denotes the completion of Q∞ at the prime v . This is a coﬁnitely generated module over
the Iwasawa algebra O vΓ . We recall that if F is an ordinary Λ-adic eigenform, then the modular
forms fξ are ordinary at p for ξ in Xarith(HordF )0.
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RΣ
(
A f [π ]/Q∞
)= Ker
(
H1
(
QΣ/Q∞, A f [π ]
)−→⊕
v|Σ
H1
(
Q∞,v , A f [π ]
))
. (11)
The Pontryagin dual
YΣ(T f /Q∞) = Hom
(
RΣ(A f /Q∞), Kv/O v
)
(12)
is a compact ﬁnitely generated module over O vΓ . Put
Y¯Σ(T f /Q∞) = Hom
(
RΣ
(
A f [π ]/Q∞
)
, Kv/O v
)
. (13)
This is a ﬁnitely generated kΓ -module, where k ∼= O v/π denotes the residue ﬁeld of Kv . A deep
result of Kato [Ka] asserts that the Weak Leopoldt conjecture holds for the representation A f , i.e.
H2(QΣ/Q∞, A f ) = 0. (14)
It then follows (see for example [C-S, Lemma 3.1]) that YΣ(T f /Q∞) is a torsion O vΓ -module, and
analogous to [C-S], we make the following conjecture:
Conjecture A. YΣ(T f /Q∞) is a ﬁnitely generated O v-module.
We now deﬁne the ﬁne Selmer group for a nearly ordinary Hida deformation associated to the
large Galois representation (4). The discrete dual of T = TF is given by
A = T ⊗
HnordF
HomZp
(
HnordF ,Qp/Zp
)
. (15)
The ﬁne Selmer group of the Λ-adic representation, denoted RΣ(A/Q) is deﬁned by
RΣ(A/Q) = Ker
(
H1(QΣ/Q,A) −→
⊕
v∈Σ
H1(Qv ,A)
)
. (16)
It is a module over HnordF . The corresponding “Pontryagin dual” in this case is deﬁned by
YΣ(T /Q) = Hom
(RΣ(A/Q),Qp/Zp). (17)
Note that YΣ(T /Q) is a ﬁnitely generated compact HnordF -module. Similarly one deﬁnes the ﬁne
Selmer group RΣ(AordF /Q) (resp. RΣ(AordF /Q∞)), where
AordF = T ordF ⊗HordF HomZp
(
HordF ,Qp/Zp
)
, (18)
and the corresponding Pontryagin dual is denoted by YΣ(T ordF /Q) (resp. YΣ(T ordF /Q∞)).
The Selmer group for the Hida deformation, denoted SΣ(A/Q), is deﬁned by
SΣ(A/Q) = Ker
(
H1(QΣ/Q,A) −→
⊕
v|p
H1
(
I v , F
−A)⊕v∈Σ\p H1(I v ,A)
)
, (19)
where I v denotes the inertia group at the prime v .
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replacing I v by Qv in (19). In a similar way, one can deﬁne the Selmer (resp. strict Selmer) group for
Tξ and T fξ . The ﬁne Selmer group is contained in both the Selmer group and the strict Selmer group.
Lemma 1. The module YΣ(T /Q) is a ﬁnitely generated, torsion module over HnordF .
Proof. This follows from the fact that the dual Selmer group is a ﬁnitely generated torsion module
over HnordF (see [Oc, Proposition 4.9]). 
We propose the following conjecture which generalizes Conjecture A in [C-S]:
Conjecture 1. The dual ﬁne Selmer group YΣ(T /Q) is a ﬁnitely generated HordF -module.
We shall study the relation between Conjecture A and Conjecture 1 in Section 3. Recall from (8)
that Tξ := T /(Pξ )T ∼= T fξ ⊗O ξ O ξΓ (χ˜ ). Let ΛO ξ := O ξΓ . Put
Aξ := Tξ ⊗ΛOξ HomO ξ (ΛO ξ , Kξ /O ξ ), (20)
where Kξ is the quotient ﬁeld of O ξ . Let A[Pξ ] = {a ∈ A: pξa = 0, ∀pξ ∈ Pξ }.
Lemma 2.We have an isomorphism A[Pξ ]  Aξ of ΛO ξ -modules.
Proof. Write C = Hom(HnordF ,Qp/Zp). We have
C[Pξ ]  HomHnordF
(
HnordF /Pξ ,Hom
(
HnordF ,Qp/Zp
))
 Hom(HnordF /Pξ ⊗HnordF HnordF ,Qp/Zp
)
 Hom(ΛO ξ ,Qp/Zp)
 HomO ξ (ΛO ξ , Kξ /O ξ ).
On the other hand, we have an isomorphism
(T ⊗
HnordF
C)[Pξ ]  HomHnordF
(
HnordF /Pξ ,T ⊗HnordF C
)
. (21)
The map
Φ : T ⊗
HnordF
Hom
HnordF
(
HnordF /Pξ ,C
)→ Hom
HnordF
(
HnordF /Pξ ,T ⊗HnordF C
)
deﬁned by
Φ(t ⊗ f )(x) = t ⊗ f (x),
for x in HnordF /Pξ , and t in T is easily seen to be an isomorphism of HnordF -modules, since T is HnordF -
free. Further, Φ is also Galois equivariant. Thus we have shown that there is an HnordF isomorphism
(T ⊗
HnordF
C)[Pξ ]  T ⊗HnordF HomHnordF
(
HnordF /Pξ ,C
)
, (22)
and therefore we also have
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(
HnordF /Pξ ,C
) T ⊗
HnordF
C[Pξ ]
 T /Pξ ⊗ΛOξ C[Pξ ]
 (T ⊗
HnordF
C)[Pξ ]
(
by(21)
)
. (23)
It thus follows that A[Pξ ]  Aξ , and hence the lemma is proved. 
Next, we deﬁne the ﬁne Selmer group associated to Tξ , which is the cyclotomic deformation
of T fξ . The ﬁne Selmer group associated to Tξ , denoted by RΣ(Aξ /Q), is deﬁned by
RΣ(Aξ /Q) = Ker
(
H1(QΣ/Q,Aξ ) −→
⊕
v|Σ
H1(Qv ,Aξ )
)
. (24)
The module RΣ(Aξ /Q) is a discrete ΛO ξ -module. The corresponding Pontryagin dual is deﬁned as
YΣ(Tξ /Q) = Hom
(
RΣ(Aξ /Q),Qp/Zp
)
. (25)
The ﬁne Selmer groups of Tξ and T fξ are related by the following proposition.
Proposition 3. The module RΣ(Aξ /Q) is isomorphic to the module RΣ(A fξ /Q∞)ι , where RΣ(A fξ /Q∞) is
the ﬁne Selmer group associated to the Galois representation of the eigenform fξ over Q∞ and ι denotes the
Γ -action via the inverse.
Proof. The argument goes along the lines of [Gr3, Proposition 3.2]. We ﬁrst show that the natural
restriction maps induce isomorphisms
H1(QΣ/Q,Aξ ) ∼= H1(QΣ/Q∞,Aξ )Γ , (26)
H1(Ql,Aξ ) ∼= H1(Q∞,vl ,Aξ )Γl , (27)
where l denotes any prime of Q (including the case l = p) and vl denotes a prime of Q∞ above l. We
will then go on to show that
H1(QΣ/Q∞,Aξ )Γ ∼= H1(QΣ/Q∞, A fξ )ι, (28)
H1(Q∞,vl ,Aξ )
Γl ∼= H1(Q∞,vl , A fξ )ι. (29)
It is clear that the proposition follows from (26)–(29). We only prove (26) and (28) as the correspond-
ing isomorphisms in (27) and (29) follow by the same arguments replacing the global objects Q, Q∞
and Γ respectively by their local counterparts Ql , Q∞,vl and Γl .
Since Γ has p-cohomological dimension 1, the cokernel of the restriction map (26) is zero. There-
fore by the Hochschild–Serre spectral sequence, we only have to show that H1(Γ,A
GQ∞
ξ ) = 0. We
have
Aξ 
(
T fξ ⊗O ξ O ξΓ (χ˜ )
)⊗ΛOξ Hom(ΛO ξ , Kξ /O ξ )
 T fξ ⊗O ξ Hom
(
ΛO ξ
(
χ˜−1
)
, Kξ /O ξ
)
= Hom(ΛO ξ (χ˜−1), A fξ ). (30)
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GQ∞
ξ  HomGQ∞
(
ΛO ξ
(
χ˜−1
)
, A fξ
) Hom(ΛO ξ (χ˜−1), AGQ∞fξ
)
.
We are thus reduced to showing
(
Hom
(
ΛO ξ
(
χ˜−1
)
, A
GQ∞
fξ
))
Γ
= 0. (31)
Fix a topological generator γ of Γ . The action of Γ = 〈γ 〉 on ΛO ξ is via multiplication by γ −1 − 1,
which is clearly injective. Thus the corresponding map is surjective on Hom(ΛO ξ (χ˜
−1), AGQ∞fξ ), since
ΛO ξ (χ˜
−1)/(γ −1 − 1)  O ξ is a free Zp-module. This proves (31) and hence (26). On the other hand,
we have
H1(QΣ/Q∞,Aξ )  H1
(
QΣ/Q∞,Hom
(
ΛO ξ
(
χ˜−1
)
, A fξ
))
 Hom(ΛO ξ (χ˜−1), H1(QΣ/Q∞, A fξ )).
But ΛO ξ (χ˜
−1) and ΛO ξ (χ˜ )ι are isomorphic as ZpΓ -modules and hence
H1(QΣ/Q∞,Aξ )Γ  HomΓ
(
ΛO ξ
(
χ˜−1
)
, H1(QΣ/Q∞, A fξ )
)
 HomΓ
(
ΛO ξ (χ˜ ), H
1(QΣ/Q∞, A fξ )ι
)
.
Note that ΛO ξ (χ˜ ) considered as an O ξΓ -module is isomorphic to O ξΓ  since the ring multipli-
cation by γ ∈ Γ on O ξΓ  is via χ˜ (γ ). Thus
HomΓ
(
ΛO ξ
(
χ˜−1
)
, H1(QΣ/Q∞, A fξ )ι
) HomΛ(Λ, H1(QΣ/Q∞, A fξ )ι)∼= H1(QΣ/Q∞, A fξ )ι
and therefore we have
H1(QΣ/Q∞,Aξ )Γ ∼= H1(QΣ/Q∞, A fξ )ι
as Λ-modules and this proves (28). Hence the theorem is proved. 
3. Control theorem
In this section, we consider the relation between Conjecture 1 and Conjecture A for the various
specializations arising from the arithmetic points in Xarith(HordF )0.
For an HnordF -module M and for an ideal I of HnordF , let M[I] denote the submodule
M[I] = {m ∈ M | rm = 0 for all r ∈ I}.
There is the obvious map
RΣ
(A[I]/Q) rI−→ RΣ(A/Q)[I]. (32)
Our aim is to prove a “control theorem” for the above maps. For an arithmetic point ξ ∈
Xarith(H
ord
F )0, let Pξ denote the prime ideal of height 1 given by Ker ξ in HordF . Recall that a ﬁnitely
generated module N over a Noetherian domain R of Krull dimension d is pseudonull if the Krull
dimension of N is less than or equal to d − 2. We prove the following:
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RΣ
(A[Pξ ]/Q) rξ−→ RΣ(A/Q)[Pξ ]
is injective and the dual of the cokernel is a ﬁnitely generated O ξ -module for all ξ ∈ Xarith(HordF )0 and is
in fact ﬁnite for all but ﬁnitely many ξ . In particular the dual of the cokernel of the map rξ is a pseudonull
HnordF -module for all ξ ∈ Xarith(HordF )0 .
Proof. Consider the following commutative diagram
0 RΣ(A[Pξ ]/Q)
rξ
H1(QΣ/Q,A[Pξ ])
φξ
⊕
v∈Σ H1(Qv ,A[Pξ ])
θξ
0 RΣ(A/Q)[Pξ ] H1(QΣ/Q,A)[Pξ ] ⊕v∈Σ H1(Qv ,A)[Pξ ]
(33)
where all the vertical arrows are the natural maps. By Hypothesis (Irr) and [Gr5, Proposition 3.4], it
is plain that the middle vertical arrow is an isomorphism, whence rξ is injective. Thus, it suﬃces to
show that the Pontryagin dual K̂er θξ is a ﬁnitely generated O ξ -module for all ξ ∈ Xarith(HordF )0 and
is ﬁnite for all but ﬁnitely many ξ . We ﬁrst need the following lemma:
Lemma 5. Let C be a coﬁnitely generated HnordF -module with continuous GQ action such that CGv is coﬁnitely
generated HordF -module, where Gv = Gal(Q¯v/Qv ). Let I be an ideal in HordF (abusing notation we continue to
denote it by I in HnordF ). Then for each v, the kernel of the map
H1
(
Qv ,C[I]
)→ H1(Qv ,C)[I]
is a coﬁnitely generated HordF /I-module.
Proof. If I = (b) is principal, then the kernel is CGv /b which is a ﬁnitely generated HordF /I-module
by hypothesis. In the general case when I = (b1,b2, . . . ,bn), an induction argument on the minimal
number of generators of I proves the lemma. 
We apply the lemma to C = A and I = Pξ . Clearly A is a coﬁnitely generated HnordF -module.
Now the Pontryagin dual of AGv = (T ∗)Gv . We note that T is the cyclotomic deformation of T ord.
Thus it is easy to see, by an argument similar to the proof of Proposition 3, that H0(Gv ,T ∗) ∼=
H0(G∞,v , (T ord)∗), where G∞,v := Gal(Q¯v/Q∞,v ), and Q∞,v is the cyclotomic Zp-extension of Qv . It
is now clear that AGv is a coﬁnitely generated HordF -module. Hence all the conditions of the Lemma 5
are satisﬁed and thus for each v , the kernel of H1(Qv ,A[Pξ ]) → H1(Qv ,A)[Pξ ] is a coﬁnitely gener-
ated HordF /Pξ -module. Hence summing over ﬁnitely many v , we see that K̂er θξ is a ﬁnitely generated
HordF /Pξ ∼= O ξ -module.
The next lemma is standard and is tacitly used in rest of the arguments.
Lemma 6. Let S ⊆ R be commutative rings such that R is integral of ﬁnite type over S, and suppose that M is
a ﬁnitely generated R-module. Then Krull dimR M = Krull dimS M.
Proof. The assertion follows from dimension theory. 
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OΓ ′ ×Γ , where O is the ring of integers in a ﬁnite extension of Qp , and let ξ ∈ Xarith(HordF )0. Let
pk be the prime ideal of height one in OΓ ′ lying below Ker ξ . The prime ideal pk is principal and
pξ denotes the ideal pkHordF . It is well known (see [Hi3, Theorem 3.6]) that there are d prime ideals of
height one in HordF above pk , which we denote by (Pξ,i)iid with Pξ,1 =: Pξ =: Ker ξ, say. Further,
the kernel and cokernel of the natural map
HordF /pξ →
⊕
Pξ,i |pξ
HordF /Pξ,i, (34)
are ﬁnite [Hi3]. Therefore the corresponding natural induced map
HnordF /pξ →
⊕
Pξ,i |pξ
HnordF /Pξ,i (35)
is a pseudoisomorphism, whence so is the natural map
T ∗/pξ →
⊕
1id
T ∗/Pξ,i,
where T ∗ = Hom(T ,HnordF ). By Pontryagin duality, the Pontryagin duals of the kernel and cokernel
of the natural map
⊕
1id
A[Pξ,i] → A[pξ ] (36)
are pseudonull as HnordF -modules. We have a natural commutative diagram
⊕
v∈Σ H1(Qv ,A[pξ ])
⊕
v∈Σ H1(Qv ,A)[pξ ]
⊕
v∈Σ
⊕
1id H
1(Qv ,A[Pξ,i]) ⊕v∈Σ⊕1id H1(Qv ,A)[Pξ,i] .
(37)
Set M =⊕v∈Σ(T ∗)Gv and recall (cf. Lemma 5) that M is a ﬁnitely generated HordF module and
pξ is a principal ideal. The dual of the kernel of the top horizontal map is M[pξ ] = Mtor[pξ ]. Note
that Mtor[pξ ] ⊂ Mtor[pk] = M[pk]. Hence for any pk not dividing the characteristic element of Mtor
considered as an OΓ ′-module, it follows that M[pk] and hence M[pξ ] is ﬁnite. Thus for all but
ﬁnitely many ξ ∈ Xarith(HordF )0 the kernel of the top horizontal map in diagram (37) is ﬁnite. For
any such ξ , we claim that the Pontryagin dual of the kernel of the bottom horizontal map is ﬁnite.
Indeed, the kernel of the dual of the bottom horizontal map in (37) is a ﬁnitely generated O ξ -module
by Lemma 5. Also, the kernel of the left vertical map in (37) is killed by a power of p (cf. (34)
and (35)). Combining these facts with the snake lemma in diagram (37) immediately shows that the
kernel of the bottom horizontal map is also ﬁnite for any such ξ ∈ Xarith(HordF )0. This shows that
the Pontryagin dual K̂er θξ is ﬁnite for all but ﬁnitely many ξ ∈ Xarith(HordF )0. Hence Theorem 4 is
proved. 
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We shall now use the “control theorem” to show that Conjecture A for the Galois representation
associated to T fξ , for any ξ ∈ Xarith(HordF )0 is equivalent to Conjecture 1 formulated in Section 2.
This is then used to show the λ-invariant of the ﬁne Selmer group is constant for almost all members
in a branch of the Hida family. First we prove the equivalence of Conjecture A in a Hida family.
Proposition 7. Let f , g be two p-ordinary, p-stabilized newforms in a Hida family H(ρ¯). Then Conjecture A
holds for f if and only if it holds for g.
Proof. Since f , g are newforms in a Hida family H(ρ¯), the residual Galois representations associated
to f and g are isomorphic to ρ¯ . The assertion that Conjecture A holds for f ∈ H(ρ¯) is equivalent to
the assertion that RΣ(A f /Q∞)[π ] is ﬁnite, where π , as before, is a uniformizing parameter of O fξ .
On the other hand it follows from the Kummer sequence that
RΣ(A f /Q∞)[π ] is ﬁnite ⇔ RΣ(A f [π ]/Q∞) is ﬁnite.
This shows that Conjecture A for f ∈ H(ρ¯) is equivalent to an assertion on the residual representation
of f , which is isomorphic to ρ¯ . Hence Conjecture A is invariant in the Hida family H(ρ¯) and the
proposition is proved. 
By the results of the previous section, the dual of the ﬁne Selmer group YΣ(T /Q) is a ﬁnitely
generated torsion module over HnordF . We identify H
nord
F with H
ord
F T . We can now prove the equiv-
alence of the conjectures on the ﬁne Selmer group.
Theorem 8. Let ρ : GQ −→ GL2(T ) be a nearly ordinary deformation, where T is a ﬁnitely generated torsion-
free module of generic rank 2 over the nearly ordinary Hecke algebra HnordF , associated to a cuspidal Λ-adic
eigenform F . Assume that the hypotheses (Nor) and (Irr) hold. Then the following assertions are equivalent:
(1) Conjecture 1 holds for the HnordF -module YΣ(T /Q).
(2) Conjecture A holds for the dual of the ﬁne Selmer group YΣ(A fξ /Q∞), considered as an HnordF /Pξ ∼=
O ξT -module, for every specialization Pξ with ξ ∈ Xarith(HordF )0 .
(3) There exists ξ0 ∈ Xarith(HordF )0 such that Conjecture A holds for the O ξT -module YΣ(A fξ0 /Q∞).
Proof. Let ξ1, ξ2 ∈ Xarith(HordF )0. Consider the specializations
Tξ1 := T /Pξ1 , Tξ2 := T /Pξ2
which are cyclotomic deformations of the representation T fξ1 , T fξ2 associated to cuspforms fξ1 , fξ2 .
Note that fξ1 and fξ2 have isomorphic residual representations. Hence (2) ⇔ (3) is clear from the
proof of Proposition 7.
We now prove that (1) ⇒ (3). Conjecture 1 asserts that YΣ(T /Q), which is a ﬁnitely generated
torsion HnordF -module, is in fact ﬁnitely generated as an H
ord
F -module, where we recall that H
nord
F 
HordF T . Let ξ be an element of Xarith(HordF )0, and Pξ be the prime ideal of height one in HordF
given by Ker(ξ). Choose ξ = ξ0 so that the map rξ0 of Theorem 4 is injective and has ﬁnite cokernel.
By Proposition 3 and Theorem 4, we thus have a surjection
YΣ(T /Q)/Pξ0YΣ(T /Q)
rˆξ0 YΣ(T fξ /Q∞)ι (38)0
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ﬁnitely generated as a module over HordF /Pξ0 which is a free module of ﬁnite rank over Zp . Hence
YΣ(T fξ0 /Q∞) is a ﬁnitely generated Zp-module.
Conversely suppose now that assertion (3) holds. We need to show that YΣ(T /Q) is ﬁnitely gen-
erated as an HordF -module. By Nakayama’s lemma, it suﬃces to show that YΣ(T /Q)/Pξ0 is a ﬁnitely
generated O ξ0 := HordF /Pξ0 -module. Now Ker(rˆξ0 ) being a quotient of K̂er θξ0 , it is immediate from
Theorem 4, that Ker(rˆξ0 ) is a ﬁnitely generated O ξ0 -module. This completes the proof of the theo-
rem. 
We now apply the above results to study the λ-invariants of the ﬁne Selmer groups YΣ(T fξ0 /Q∞).
We show that they are equal, for almost all ξ ∈ Xarith(HordF )0 when we assume that Conjecture A
holds for some ξ0 ∈ Xarith(HordF )0 (and hence for all ξ0, by Theorem 6). We are grateful to the referee
for pointing out an error in an earlier version of the theorem below.
Theorem 9. Assume that (Nor) and (Irr) hold and that Conjecture A is true for some ξ0 ∈ Xarith(HordF )0 .
Then the λ-invariants of YΣ(T fξ /Q∞) are equal for all but ﬁnitely many ξ ∈ Xarith(HordF )0 . In particular,
the λ-invariants are equal for all but ﬁnitely many specializations along a branch of the Hida family H(ρ¯).
Proof. By Theorem 8, Conjecture A holds for every ξ in Xarith(HordF )0 and hence the dual ﬁne Selmer
groups YΣ(T fξ /Q∞) are all ﬁnitely generated Zp modules for all ξ in Xarith(HordF )0.
Recall that by Theorem 4, for at most ﬁnitely many ξ ∈ Xarith(HordF )0, Ker(rˆξ ) can be inﬁnite. As
YΣ(T /Q) is ﬁnitely generated over HordF , which is an integrally closed Noetherian domain, we may
apply the structure theorem (see [Bo, Theorem 5, § 4.4, Chap. VII], [N-S-W, Proposition 5.1.7]), which
provides us with a characteristic ideal h ∈ HordF , for the HordF -torsion submodule of YΣ(T /Q) with
h =∏1im Pnii , where the Pi ’s are height 1 prime ideal in HordF . Set S to be the ﬁnite set of height 1
primes
S = {Pξ ∣∣ Ker(rˆξ ) is inﬁnite}∪ {P1, P2, . . . , Pm}.
For any ξ ∈ Xarith(HordF )0 such that the height 1 prime ideal Pξ is not in S , it follows from the
structure theorem that the λ-invariant of YΣ(T fξ /Q∞) equals the HordF -rank of the H
nord
F -moduleYΣ(T /Q). Hence the theorem follows. 
Remark 10. We remark that up to neglecting ﬁnite submodules, the HordF -torsion submodule of
YΣ(T /Q) is the same as the maximal pseudonull HnordF -submodule of YΣ(T /Q). It seems diﬃcult
to give a precise general description of this submodule.
Remark 11. It follows from the proof of Theorem 9, that for the (ﬁnitely many) height one prime
ideals Pξ in S ⊂ Xarith(HordF )0, the λ-invariants of the ﬁne Selmer groups YΣ(T fξ /Q∞) could pos-
sibly be different from the generic λ-invariant, which is given by the HordF -rank of YΣ(T /Q). Thus,
if we know the λ-invariant of the dual ﬁne Selmer group YΣ(T fξ0 /Q∞) at some ﬁbre ξ0, it is not
possible to determine if this value of the λ-invariant is the generic one. However, with an additional
hypothesis, we will be proving that if the ﬁne Selmer group is ﬁnite at one ﬁbre, then the generic
rank in the branch is zero.
Put M =⊕v∈Σ(T ∗)Gv , where Gv = Gal(Q¯v/Qv ), and let Mtor denote the HordF -torsion submodule
of M . We recall that M is a ﬁnitely generated HordF -module.
Proposition 12. In addition to (Nor) and (Irr), assume that the following condition holds.
(Finp): (A[m])GQp = 0.
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Ker(rˆξ ) is ﬁnite for all ξ ∈ Xarith(HordF )0 .
Proof. The exact sequence
0→ Mtor → M → M/Mtor → 0
gives an exact sequence
→ F → Mtor/Pξ → M/Pξ → (M/Mtor)/Pξ → 0 (39)
of ﬁnitely generated O ξ -modules with F ﬁnite. Note that Tor
HordF
1 (M/Mtor,H
ord
F /pξ ) = 0 and hence
using (34), we get Tor
HordF
1 (M/Mtor,H
ord
F /Pξ ) is ﬁnite.
Recall that Tξ is the cyclotomic deformation of T fξ . Thus we have M/Pξ ∼=
⊕
v∈Σ(T∗ξ )Gv ∼=⊕
v∈Σ(T ∗fξ )G∞,v , where G∞,v := Gal(Q¯v/Q∞,v), and Q∞,v is the cyclotomic Zp-extension of Qv . By
[Ch, Lemmas 4.8–4.10], the O ξ -ranks of (T ∗fξ )G∞,v are all equal for ξ in Xarith(H
ord
F )0 and v = p.
For v = p, it is clear by our hypothesis (Finp) that (T ∗fξ )G∞,p = 0. Thus the O ξ -ranks of M/Pξ are
all equal for ξ in Xarith(HordF )0. Now M/Mtor is a torsion-free H
ord
F -module of rank r, say. It follows
that (M/Mtor)/Pξ is a ﬁnitely generated O ξ -module of rank r for all ξ in Xarith(HordF )0. It is clear
from (39) that the O ξ -ranks of Mtor/Pξ are all equal for ξ in Xarith(HordF )0. On the other hand,
choosing a Pξ that does not divide the characteristic ideal of Mtor (see [N-S-W, Proposition 5.1.7])
considered as an HordF -module, it follows that Mtor/Pξ is a pseudonull HordF -module, and therefore
ﬁnite. Hence Mtor/Pξ is ﬁnite for all ξ in Xarith(HordF )0. Since Mtor is a pseudonull HnordF -module,
Mtor/Pξ is a pseudonull HnordF /Pξ -module if and only if Mtor[Pξ ] is a pseudonull HnordF /Pξ -module
(see [Oc5, Lemma 3.1]). Consequently Mtor[Pξ ] = M[Pξ ] is O ξT -pseudonull and hence ﬁnite for
all ξ in Xarith(HordF )0. Now using (34) we see that M[pξ ] is ﬁnite for all ξ and as in the proof of
Theorem 4 we deduce that Ker(rˆξ ) is ﬁnite for all ξ in Xarith(HordF )0. Hence the lemma is proved. 
Corollary 13. We keep the notation and hypotheses of Proposition 12. If the dual ﬁne Selmer group
YΣ(T fξ0 /Q∞) is ﬁnite at some ﬁbre ξ0 , then YΣ(T fξ /Q∞) is ﬁnite for all but ﬁnitelymany ξ ∈ Xarith(HordF )0 .
Proof. It follows from the hypothesis and Proposition 12, that YΣ(T /Q∞)/Pξ0 is ﬁnite. Hence
YΣ(T /Q) is HordF -torsion and the assertion follows along the lines of the proof of Theorem 9. 
There are examples of elliptic curves E/Q with ordinary reduction at an odd prime p such that
(i) E[p](Qp) = 0 (which implies (Finp)) and (ii) The residual Galois representation E[p] is absolutely
irreducible. For example, one can take the curve E1 with p = 5 in our Example 3, originally considered
in [G-V]. Let f E be the corresponding weight 2 modular form. The Hida family, which has the p-
stabilization f ∗E of f E as the weight 2 member, satisﬁes the hypotheses of Corollary 13.
We close this section with the following theorem which gives a cohomological consequence of
Conjecture 1.
Theorem 14. Assume that HnordF  OΓ ′ × Γ , where O is the ring of integers in some ﬁnite extension of
Qp . Then Conjecture 1 implies that H2(QΣ/Q,A[p]) = 0 and for any ξ in Xarith(HordF )0 , multiplication by
pξ is surjective on H1(QΣ/Q,A[p]).
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Conjecture A being valid for A fξ , where ξ ∈ Xarith(HordF )0. It is known [Gr4, Proposition 4.1.4], [Su],
that this latter statement is in turn equivalent to
H2
(
QΣ/Q∞, A fξ [p]
)= 0. (40)
Hence, assuming Conjecture 1, it can be shown along the lines of the arguments in [Gr3, § 3] that
H2
(
QΣ/Q,A[Pξ ][p]
)= 0. (41)
To prove the theorem, it suﬃces by duality and Nakayama’s lemma, to show that
H2
(
QΣ/Q,A[p]
)[Pξ ] = 0, (42)
where Pξ = Ker ξ , for ξ ∈ Xarith(HordF )0. Now (42) follows from the Kummer sequence associated to
the map given by multiplication by a generator pξ of Pξ for A[p], since we then have a long exact
sequence
0→ (H1(QΣ/Q,A[p]))/pξ → H2(QΣ/Q,A[Pξ ][p])→ H2(QΣ/Q,A[p])[Pξ ] → 0, (43)
and hence the theorem is proved. 
5. Numerical examples
We ﬁx some notation used in the examples. For an elliptic curve E over Q of conductor N , f E
denotes the corresponding newform in S2(Γ0(N)). Let f be a newform or a p-stabilized newform
(see Section 1). Then the λ-invariant (resp. μ-invariant) of the dual Selmer group of f over Q∞ ,
associated to the Galois representation of f is denoted by λsel( f ) (resp. μsel( f )). The corresponding
invariants for the dual ﬁne Selmer group associated to f are denoted by λ( f ) and μ( f ). Let Xst(T /L)
denotes the Pontryagin dual of the strict Selmer group of T over L. Here T /L may denote T /Q, Tξ /Q
or T fξ /Q∞ respectively.
Example 1. Consider the elliptic curve E = X0(11) of conductor 11 and the prime p = 11. Then 11
is a prime of split multiplicative reduction of E and f E is ordinary at 11. We consider the Hida
family associated to f E . It is known that (see [G-S, Section 0]) for each integer k 2 there is a unique
newform fk of weight k and level dividing 11 such that fk is congruent to f E mod 11. The p-stabilized
newform corresponding to fk , say f ∗k , belongs to the Hida family associated to f E . For k = 12, the 11-
ordinary form f ∗12 is the 11-stabilization of the Ramanujan -function and is of level 11. Greenberg
has proved [Gr2, Example 3] that for the prime 11, the strict Selmer group of f E over Q∞ vanishes.
Note in this case N = 1, p = 11 and T ∼= ZpT1, T2. Hence we can take Σ = {vp}. Let P0 := Pξ0
be the principal prime ideal corresponding to X0(11). Using a method similar to [Oc, Example 9.2
and Proposition 5.2] for the strict Selmer group instead of the Selmer group it can be seen that
Xst(T /Q)/P0 ∼= Xst((T /P0)/Q) ∼= Xst(Ep∞/Q∞) ∼= 0. Now since φξ in diagram (33) is an isomorphism,
for each arithmetic point ξ , we will get a surjection
−→ Xst(T /Q)/Pξ −→ Xst
(
(T /Pξ )/Q
)−→ 0.
Hence all the dual strict Selmer groups Xst(T fξ /Q∞) associated to the branch of f E vanish. Thus λ( f E )
and μ( f E ) are both zero as the ﬁne Selmer group is contained in the strict Selmer group. Applying
Proposition 7, we see that for any g in the Hida family of f E , Conjecture A holds for g . Moreover if g
is in the same branch of the family associated to f E , then we also have λ(g) = 0 by above discussion.
In particular Conjecture A is true for f ∗12 and λ( f ∗12) = 0. However, for the Greenberg Selmer group,
we have λsel( f ) = 1 for any f in the same branch of f E .
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It has complex multiplication over K = Q(i) and has good, ordinary reduction at p. Then f E is a
CM newform and is ordinary at p. As before, denote by f ∗E the p-stabilization of f E . It is known
that for the prime p, the Selmer group of f E (and hence the Selmer group of f ∗E ) over Q∞ vanishes
[Gr6, Example 2, Section 5] whence the ﬁne Selmer group of f ∗E is 0. So we get λ( f ∗E ) = μ( f ∗E ) = 0.
Consider the Λ-adic form F , of CM type containing f E (cf. [Gh, pp. 234–236]). At an arithmetic point
Pl,ζ (= ζνl − 1, where ζ is some pr-th root of unity with r  0, l  2 and ν satisﬁes ν pn = 1 + p,
for some n  0), the specialization of F corresponds to a classical CM cusp form fl,ζ of weight l
and we have f2,1 = f ∗E . Hence applying Theorem 7 we see that Conjecture A holds for each fl,ζ . We
recall that the λ-invariant of the dual Selmer group is invariant in a branch when its μ-invariant is
0 at some ﬁbre [E-P-W]. Combining this with the fact that the ﬁne Selmer group is contained in the
Selmer group, we get λ( fl,ζ ) = 0 at each Pl,ζ .
Example 3. Finally, we consider an example occurring in [G-V]. Consider the elliptic curves
E1 : y2 = x3 + x− 10, E2 : y2 = x3 − 584x+ 5444
of conductor 52 and 364 respectively. The prime p = 5 is an ordinary prime for E1 and E2. Let f i
denote the weight two newforms associated to Ei for i = 1,2. Then f1 ≡ f2 mod 5. For the Selmer
group of f1 over Q∞ , it is shown that λsel( f1) = 0 and μsel( f1) = 0. So we have λ( f1) = 0 and also
Conjecture A holds for f1. Hence we get Conjecture A for f2 using Proposition 7. On the other hand
μsel( f2) = 0 and λsel( f2) = 5. A computation using SAGE shows that λ( f2) = 0. (We thank Christian
Wuthrich for help with this computation.) Also, f1 and f2 lie in two different branches of the Hida
family [E-P-W, Example 5.3.2]. However, unlike the case of the Selmer group, note that we have
λ( f1) = λ( f2).
We end the article with the following remark. The referee pointed out that the ‘generic’ value
for the λ-invariant in all these examples is zero and asks if it is possible to ﬁnd an example where
the generic value is nonzero, or whether the generic value could be conjectured to always be zero.
Guided by the philosophy of the dual Selmer group in a CM-Hida family, and the conjectures in [C-S],
it indeed seems reasonable to believe that the generic value is zero, or alternately that YΣ(T /Q)
is always a ﬁnitely generated HordF -torsion module. Note that when YΣ(T fξ0 /Q∞) is ﬁnite for some
arithmetic point ξ0, then our results show that under the hypothesis (Finp), YΣ(T /Q)/Pξ0 is ﬁnite,
and thus YΣ(T /Q) is pseudonull as an HnordF -module, and therefore a ﬁnitely generated HordF -torsion
module.
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